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ON THE BOUNDARY REGULARITY OF PHASE-FIELDS FOR WILLMORE’S
ENERGY
PATRICK W. DONDL AND STEPHAN WOJTOWYTSCH
Abstract. We demonstrate that Radon measures which arise as the limit of the Modica-Mortola
measures associated to phase-fields with uniformly bounded diffuse area and Willmore energy may
be singular at the boundary of a domain and discuss implications for practical applications. We
furthermore give partial regularity results for the phase-fields uε at the boundary in terms of boundary
conditions and counterexamples without boundary conditions.
1. Introduction
Phase-field approximations provide a convenient way of treating curvature energies numerically. Typ-
ically, the phase-field problem is more stable numerically than the potentially highly non-linear original
problem. A classical example of a curvature energy is the Willmore functional
W(Σ) =
∫
Σ
H2 dHn−1
where Σ ⊂ Rn is a hypersurface, H denotes its mean curvature and Hk the k-dimensional Hausdorff
measure. The same functional on plane curves is also sometimes referred to as Euler’s elastica.
There are several distinct phase-field approximations of Willmore’s energy [BMO13]. The model we
will use in the following is due to Bellettini and Paolini [BP93], based on a functional proposed by De
Giorgi [DG91, Conjecture 4].
Let Ω ⋐ Rn and W be the double-well potential W (u) = 14 (u
2 − 1)2. Then we consider the Modica-
Mortola energy [Mod87, MM77]
Sε : L
1(Ω)→ R, Sε(u) =
{
1
c0
∫
Ω
ε
2 |∇u|2 + 1ε W (u) dx u ∈ W 1,2(Ω)
+∞ else
as an approximation of the perimeter functional and
Wε : L1(Ω)→ R, Wε(u) =
{
1
c0 ε
∫
Ω
(
ε∆u− 1ε W ′(u)
)2
dx u ∈W 2,2(Ω)
+∞ else
as an approximation of Willmore’s energy, where c0 =
∫ 1
−1
√
2W (s) ds = 2
√
2/3 is a normalising
constant. As proved in [RS06], the sum of the functionals satisfies[
Γ(L1(Ω))− lim
ε→0
(Wε + ΛSε)
]
(χE − χΩ\E) = W(∂E) + ΛHn−1(∂E)
for any Λ > 0 if E ⋐ Ω and ∂E ∈ C2 in low dimension n = 2, 3. Consider a general sequence uε such
that
lim sup
ε→0
(Sε +Wε)(uε) <∞.
Then the diffuse area measures
µε :=
1
c0
(
ε
2
|∇uε|2 + 1
ε
W (uε)
)
· Ln
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which localise the diffuse perimeter functional Sε and the diffuse Willmore measures
αε :=
1
c0 ε
(
ε∆uε − W
′(uε)
ε
)
· Ln
which localise the functionals Wε have weak limits µ and α in the sense of Radon measures, at least
for a suitable subsequence. Due to [RS06], µ is the mass measure of an integral (n− 1)-varifold V in Ω
with square integrable mean curvature and
(1.1) |Hµ|2 · µ ≤ α.
In this article, we will show among other things that the relationship (1.1) is only valid inside Ω and
that µ may be very irregular on ∂Ω if the boundary values of the phase-fields uε are not controlled. The
choice of boundary values corresponds to a modelling assumption. In [DLW17], we have investigated
thin elastic structures in a bounded container, where the natural boundary condition is
(1.2) uε ≡ −1, ∂νuε ≡ 0 on ∂Ω or in simpler terms uε ∈ −1 +W 2,20 (Ω)
to express that the structures are confined to Ω and only touch the boundary tangentially. Another
interesting boundary condition is
(1.3) ∂νuε ≡ 0 on ∂Ω
which expresses that the level sets of uε can only meet ∂Ω at a right angle. This approximates the
minimisation problem explored in [AK14]. Another possible boundary condition is
(1.4) uε ≡ 1 on Γ+, uε ≡ −1 on Γ−, uε free on ∂Ω \ Γ+ ∪ Γ−
which prescribes a phase transition inside Ω but leaves the particular nature of the transition free. It
is clear that any regularity result for µ or the functions uε inside Ω can be extended to Ω under the
boundary conditions (1.2), since uε can be extended to the whole space R
n as a constant function
without changing the energy
Eε(uε) := (Wε + Sε)(uε).
On the other hand, the regularity of uε and µ under the boundary values (1.3) or (1.4) is less obvious.
Furthermore, not specifying boundary values can simplify proofs significantly when local results are
considered, see for example [DW15, Corollary 2.15]. In this article, we extend regularity results for the
phase-fields uε from [DW15, DLW17]. Our main results are the following.
Theorem 1.1. Let Ω ⋐ Rn for n = 2, 3. Then the following hold true.
(1) Assume that uε ∈ C0(Ω) is uniformly bounded in L∞(∂Ω). Then uε is uniformly bounded in
L∞(Ω) if n = 2 and in Lp(Ω) for all p <∞ if n = 3.
(2) Assume that ∂Ω ∈ C2 and ∂νuε ≡ 0 on ∂Ω for all ε > 0. Then uε is uniformly bounded in
L∞(Ω) and
|uε(x) − uε(y)| ≤ C
εγ
|x− y|γ ∀ x ∈ Ω, y ∈ Bε(x) ∩Ω
with γ < 1 if n = 2 and γ ≤ 1/2 if n = 3. The constant C depends on n, γ,Ω and
lim supε→0 Eε(uε).
(3) If either condition is given and uε → u in L1(Ω), then uε → u in Lp(Ω) for all 1 ≤ p <∞.
Further results can be found in the main text. The proof is split over Lemmas 2.1, 2.3 and 2.5. On
the other hand, we have the following results on situations where phase fields fail to be regular at the
boundary.
Theorem 1.2. Let ∂Ω ∈ C2. Then the following hold true.
(1) There exists a sequence uε ∈ W 2,2(Ω) such that (Wε + Sε)(uε) → 0, but uε is not bounded in
L∞(Ω).
(2) There exists a sequence uε such that such that α = 0, µ = 0 but the Hausdorff limit
K := lim
ε→0
u−1ε (I) ∅ 6= I ⋐ (−1, 1)
of level sets or their unions contains an open subset of ∂Ω. Similar constructions give K = {x0}
or K = γ for a point x0 ∈ ∂Ω and a closed curve γ ⊂ ∂Ω.
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(3) Let S > 0 and ∅ 6= I ⋐ (−1, 1). Then there exists a point x0 ∈ ∂Ω and a sequence uε ∈W 2,2(Ω)
such that |uε| ≤ 1 in Ω, Wε(uε) ≡ 0, µε(Ω) ≡ S, K = ∅ and µ = S · δx0 .
If Ω is convex, any point x0 or closed curve γ in ∂Ω can be chosen and uε may be such that it is not
uniformly bounded in Ω ∩ U for all open sets U with U ∩ ∂Ω 6= ∅.
This shows that for example the minimisation problem for
Fε =Wε + ε−σ(Sε − S)2
is not physically meaningful without boundary conditions or with partly free boundary conditions (1.4)
if ∂freeΩ := ∂Ω \ (Γ+ ∪ Γ−) 6= ∅. A minimising sequence is given by the superposition of a phase-field
making an optimal transition along a minimal surface spanning a suitable boundary curve inside ∂freeΩ
and a second phase-field creating an atom of µ of the correct size at a single point x ∈ ∂freeΩ. This can
be realised with energy Wε(uε)→ 0 as ε→ 0.
The question under which boundary conditions other than (1.2) the measure µ can be expected to
be regular at the boundary for either finite energy sequences or minimising sequences remains open.
2. Positive Results on Boundary Regularity
In this chapter, we describe partial regularity results for weakly controlled boundary values.
Lemma 2.1. Assume that uε is continuous on Ω and there is θ ≥ 1 such that |uε| ≤ θ on ∂Ω for all
ε > 0. Then the following hold true.
(1) There exists C > 0 such that µε({|uε| ≥ θ}) ≤ C ε2.
(2) For the set Ω˜ε = {x ∈ Ω | B2ε(x) ⊂ Ω} we can show that there exists C depending only on α¯, γ
and θ such that
||uε||∞,Ω˜ε ≤ C, |uε(y)− uε(z)| ≤
Cα¯,θ,γ
εγ
|y − z|γ
if there is x ∈ Ω˜ε such that y, z ∈ Bε(x) and γ ≤ 1/2 if n = 3, γ < 1 if n = 2.
Proof. This proof is an adaptation of the proof of Lemma [DLW17, Lemma 3.1] using a modified
argument in the first step of the proof. We observe that for the proof of Lemma [DLW17, Lemma 3.1]
to work, we needed that B2ε(x) ⊂ Ω to employ the elliptic inequality
||u˜ε||2,2,B1(0) ≤ C
(||u˜ε||2,B2(0) + ||∆u˜ε||2,B2(0))
and an estimate of
∫
B2ε(x)
1
εnW
′(uε)
2 dx. The first one we are given directly by the choice of Ωβε or Ω˜ε,
the second can be obtained through integration by parts
c0 αε({|uε| > θ′}) =
∫
{|uε|>θ′}
1
ε
(
ε∆uε − 1
ε
W ′(uε)
)2
dx
= −2
ε
∫
∂{|uε|>θ′}
W ′(uε) ∂νuε dHn−1
+
∫
{|uε|>θ′}
ε (∆uε)
2 +
2
ε
W ′′(uε) |∇uε|2 + 1
ε3
W ′(uε)
2 dx
≥
∫
{|uε|>θ′}
ε (∆uε)
2 +
4
ε
|∇uε|2 + 1
ε3
W ′(uε)
2 dx
for θ′ > θ when {|uε| > θ′} is a Caccioppoli set (i.e. for almost all θ′ > θ). If |uε| < θ′ on ∂Ω, the set
{uε > θ′} does not touch the boundary ∂Ω, so ∂{uε > θ′} ⊂ {uε = θ′} ⊂ Ω. Because W ′(θ) > 0 and
∂νuε is inward pointing on ∂{uε > θ}, the boundary integral is non-positive. The rest of the argument
goes through as before. Additionally, taking θ′ → θ establishes the first claim. 
Remark 2.2. The same bound holds for example on Ω˜ε1/2 = {x ∈ Ω | Bε1/2(x) ⊂ Ω} without boundary
values. In that situation, we employ the estimate from [RS06, Proposition 3.6] to bound
1
ε3
∫
{|uε|>1}
W ′(uε)
2 dx ≤ C.
Another situation with a similar improvement is that of prescribed Neumann boundary data.
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Lemma 2.3. Assume that Ω is a Caccioppoli set and ∂νuε = 0 almost everywhere on ∂Ω with respect
to the boundary measure |DχΩ|. Then the following hold true.
(1) There exists C > 0 such that µε({|uε| ≥ 1}) ≤ C ε2.
(2) For the set Ω˜ε = {x ∈ Ω | B2ε(x) ⊂ Ω} we can show that there exists C depending only on α¯
and γ such that
||uε||∞,Ω˜ε ≤ C, |uε(y)− uε(z)| ≤
C
εγ
|y − z|γ
if there is x ∈ Ω˜ε such that y, z ∈ Bε(x). Here γ ≤ 1/2 if n = 3, γ < 1 if n = 2.
If ∂Ω ∈ C2 and ∂νuε = 0 almost everywhere on ∂Ω, then the second statement can be sharpened as
follows:
2’. For all x ∈ Ω there exists a constant C depending only on α¯, µ¯, γ and ∂Ω such that
|uε(x)| ≤ C, |uε(y)− uε(z)| ≤ C
εγ
|x− y|γ ∀ y, z ∈ Bε(x) ∩ Ω.
The dependence of C on ∂Ω vanishes in the limit ε→ 0.
In particular, for regular boundaries, the Neumann condition implies the boundedness of solutions
(in particular also on the boundary).
Proof. As before, we obtain
αε({|uε| > θ′}) =
∫
{|uε|>θ′}
1
ε
(
ε∆uε − 1
ε
W ′(uε)
)2
dx
= −2
ε
∫
∂Ω∩∂{|uε|>θ′}
W ′(uε) ∂νuε dHn−1 − 2
ε
∫
∂{|uε|>θ′}∩Ω
W ′(uε) ∂νuε dHn−1
+
∫
{|uε|>θ′}
ε (∆uε)
2 +
2
ε
W ′′(uε) |∇uε|2 + 1
ε3
W ′(uε)
2 dx
≥
∫
{|uε|>θ′}
ε (∆uε)
2 +
4
ε
|∇uε|2 + 1
ε3
W ′(uε)
2 dx
for any θ′ > 1 such that {|uε| > θ′} is a Caccioppoli set. Here the boundary integral can be split into
two parts, one of which has a sign, while the other one vanishes due to the Neumann condition. This
implies the boundedness on Ω˜ε and the bound on the mass measures µε({|uε| > θ′}) as before. We can
take θ′ → 1 to prove the first part of the Lemma.
Now assume that ∂Ω ∈ C2 and pick x ∈ ∂Ω. The rest of the argument is a fairly standard ‘straight-
ening the boundary’ argument with the feature that the boundary becomes flatter as ε → 0. Without
loss of generality, we assume that x = 0. We may now blow up to
u˜ε : B2(0) ∩ (Ω/ε)→ R, u˜ε(y) = uε(εy).
We pick a C2-diffeomorphism φε : B2(0)→ B2(0) such that
(1) φε(Ω/ε ∩B2(0)) = B+2 (0),
(2) φε → idB2(0) in C2(B2(0), B2(0)) as the domain becomes increasingly flat,
(3) under φε, the normal to ∂Ω/ε gets mapped to en on the boundary, i.e. the orthogonality condi-
tion is preserved.
With this we obtain a function
w˜ε : B
+
2 (0)→ R, w˜ε(y) = uε(φ−1ε (y))
in flattened coordinates. Since φε is C
2-smooth, it preserves W 2,2-functions and it is easy to calculate
∂iu˜ε = ∂i(w˜ε ◦ φε)
= ∂i(φε)j ((∂jw˜ε) ◦ φε)
∂ij u˜ε = ∂ij(φε)k ((∂kw˜ε) ◦ φε) + ∂i(φε)k ∂j(φε)l ((∂klw˜ε) ◦ φε) .
In shorter notation, this means that
∇u˜ε = Dφ · ∇w˜ε, ∆u˜ε = aijε ∂ijw˜ε + 〈∆φε,∇w˜ε〉
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with
aijε = 〈∂iφε, ∂jφε〉.
The coefficients are C1-differentiable – so the associated operator Aε can be equivalently written in
divergence form – and C1-close to δij . We observe that
(∆u˜ε −W ′(u˜ε)) (φ(y)) =
(
∂i
(
aijε ∂jw˜ε
)− (∂i aijε )∂jw˜ε + 〈∆φε,∇w˜ε〉 −W ′(w˜ε)) (y).
We extend w˜ε by even reflection to the whole ball B2(0), which preserves the W
2,2-smoothness since we
preserved the property that ∂ν u˜ε = 0 on the boundary when straightening the boundary. We observe
that
∂i (a
ij
ε ∂jw˜ε)− 〈divAε −∆φε,∇w˜ε〉 =: fε ∈ L2(B2(0))
since ∫
B2(0)
W ′(w˜ε)
2 dy = 2
∫
B+
2
(0)
W ′(w˜ε)
2(y) dy
= 2
∫
Ω/ε∩B2(0)
W ′(u˜ε((z))) det(Dφ
−1
ε )(z) dz
≤ 2(1 + cε)
∫
B2ε(x)
1
εn
W ′(u˜ε) dz
≤ C
as shown above. The constants cε vanish as ε → 0 and φε → id. The coefficients aij are uniformly
elliptic and approach δij uniformly as ε→ 0, so we can employ the elliptic estimate
||∇w˜ε||L2(B3/2) ≤ C
{||w˜ε||L2(B2) + ||fε + 〈divAε −∆φε,∇w˜ε〉||L2(B2)}
≤ C {||w˜ε||L2(B2) + ||fε||L2(B2) + || divAε −∆φε||L∞(B2) ||∇w˜ε||L2(B2)} .
The constant is uniform in ε and || divAε−∆φε||L∞(B2) → 0 as ε→ 0, so we can bring the term to the
other side and obtain a uniform W 1,2-bound for all sufficiently small ε, where the necessary smallness
depends only on Wε(uε) and ∂Ω. In a second step, this gives us a uniform bound on ||w˜ε||W 2,2(B1(0)),
which gives us a uniform bound on ||u˜ε||W 2,2(B3/2(0)∩Ω/ε) after transforming back. The rest follows by
Sobolev embeddings as in [DLW17, Lemma 3.1]. 
Remark 2.4. The case that Ω has finite perimeter and ∂νuε = 0 almost everywhere on the reduced
boundary is a generalisation of the situation in which ∂Ω ∈ C2 and the level sets of uε meet ∂Ω at a
ninety degrees angle. Such conditions arise naturally when we search for surfaces of minimal perimeter
bounding a prescribed volume and may be useful also for models containing Willmore’s energy [AK14].
We give an improvement of the L∞-bound up to the boundary which implies Lp-convergence for all
finite p.
Lemma 2.5. Assume that there is θ ≥ 1 such that |uε| ≤ θ on ∂Ω for all ε > 0. Then the following
hold true.
(1) If n = 2, ∂Ω ∈ C1,1 and θ > 1, then for every β < 1 there exists a constant C depending only
on α¯, θ,Ω and β such that supx∈Ω |uε(x)| ≤ θ + Cεβ for all ε > 0.
If θ = 1, then for every β < 1/2 there exists a constant C depending only on α¯,Ω and β such
that supx∈Ω |uε(x)| ≤ 1 + Cεβ for all ε > 0.
(2) If n = 3 and ∂Ω ∈ C1,1, then for every p <∞ there exists C depending only on µ¯, α¯, θ, p and Ω
such that ||uε||p,Ω ≤ C. Furthermore, for every σ > 0 there exists C depending only on α¯, θ,Ω
and σ such that ||uε||∞,Ω ≤ C ε−σ.
We assume that also in three dimensions, uniformly bounded boundary values lead to uniform interior
bounds.
Proof. The proof is a modified version of that of [RS06, Proposition 3.6]. We follow that proof closely,
but use a different maximum principle.
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Let θ′ > θ ≥ 1 such that {|uε| > θ′} has finite perimeter and define wε := (uε − θ′)+. Then
wε ∈ W 1,20 (Ω) and from the same integration by parts as before we obtain that
||wε||21,2,Ω ≤
∫
{uε>θ′}
W ′(uε)
2 + |∇uε|2 ≤ αε(Ω) ε.
The function satisfies∫
Ω
wε (−∆φ) dx =
∫
{uε>θ′}
(uε − θ′) (−∆φ) dx
= −
∫
∂{uε>θ′}
(uε − θ′) ∂νφdHn−1 +
∫
{uε>θ′}
〈∇φ,∇uε〉dx
=
∫
∂{uε>θ′}
φ∂νuε − (uε − θ′) ∂νφdHn−1 +
∫
{uε>θ′}
φ (−∆uε) dx
≤
∫
{uε>θ′}
φ (−∆uε) dx
for φ ≥ 0. Again, this holds true because ∂{uε > θ′} ⊂ {uε = θ′}. Obviously∫
{uε>θ′}
φ (−∆uε) dx =
∫
{uε>θ′}
(
−∆uε + 1
ε2
W ′(uε)− 1
ε2
W ′(uε)
)
φdx
≤
∫
{uε>θ′}
1
ε
(
hε − 1
ε
W ′(θ′)
)
+
φdx,
so −∆wε ≤ 1ε χ{uε>θ′}
(
hε − 1ε W ′(θ′)
)
+
in the distributional sense. When we consider the solution
ψε ∈W 1,20 (Ω) of the problem
−∆ψε = 1
ε
(
hε − 1
ε
W ′(θ′)
)
+
χ{uε>θ′},
the weak maximum principle [GT83, Theorem 8.1] applied to wε − ψε implies that
(2.1) uε ≤ θ + wε ≤ θ + ψε.
We proceed to estimate
||∆ψε||qq,Ω = ε−q
∫
{uε>θ′}
(
hε − 1
ε
W ′(θ′)
)q
+
dx
≤ ε−q
(∫
{uε>θ′}
1 dx
)1−q/2 (∫
Ω
h2ε dx
)q/2
≤ ε−q
(
ε3
W ′(θ′)2
∫
{uε>θ′}
1
ε3
W ′(uε)
2 dx
)1−q/2 (
ε
∫
Ω
1
ε
h2ε dx
)q/2
≤ cα¯,q (W ′(θ′))q−2 ε−q+3(1−q/2)+q/2
= cα¯,q (W
′(θ′))q−2 ε3−2q
for 1 ≤ q < 2. Thus ||∆ψε||q,Ω ≤ Cα¯,q (W ′(θ′))1−2/q ε3/q−2, and by the elliptic estimate [GT83, Lemma
9.17], we have
||ψε||2,q,Ω ≤ cΩ,α¯,q (W ′(θ′))1−2/q ε3/q−2.
Let us insert this estimate into (2.1). If n = 3, we take q = 3/2 and use that W 2,3/2(Ω) embeds into
Lp(Ω) for all finite p. Thus (taking some θ′ > 1 if θ = 1), we see that uε ≤ θ′+ψε where ψε is uniformly
bounded in Lp(Ω). We may use the same argument on the negative part of uε, so in total uε is uniformly
bounded in Lp(Ω) for all 1 ≤ p <∞ by domination through ψε. Taking q = 3/(2− σ) > 3/2 proves the
L∞-estimate by the same comparison.
If n = 2, we have a Sobolev embedding W 2,q(Ω) → L∞(Ω) for all q > 1. Assuming that θ > 1 and
β < 1 we take θ′ → θ to obtain
uε ≤ θ + wε ≤ θ + ψε ≤ θ + CΩ,α¯,q (W ′(θ))1−2/q ε3/q−2.
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For q = 3/(2 + β), this gives uε ≤ 1 + C εβ. Here q ∈ (1, 2) is admissible since β ∈ (0, 1). If θ = 1, we
may take 0 < β < 1/2, q = (3− 2β)/2 ∈ (1, 2) and 1 + εβ ≤ θ′ ≤ 1 + 2εβ to obtain
|uε| ≤ 1 + CΩ,α¯,qεβ(1−2/q)+(3/q−2) = 1 + CΩ,α¯,qεβ
with the approximation W ′(θ′) = O(εβ). 
Corollary 2.6. If uε → u in L1(Ω) and either
(1) uε ∈ C0(Ω) and there exists θ ≥ 1 such that |uε| ≤ θ on ∂Ω for all ε > 0 or
(2) ∂Ω ∈ C2 and ∂νuε = 0 a.e. on ∂Ω,
then uε → u in Lp(Ω) for all 1 ≤ p <∞.
Proof. The sequence uε converges to u in L
1(Ω) and is bounded in Lq(Ω) for all q <∞ (or even L∞(Ω)).
Ho¨lder’s inequality implies Lp-convergence. 
Remark 2.7. If n = 2, β < 1/2 and |uε| ≤ 1 + εβ on ∂Ω, then the proof still shows that
sup
Ω
|uε| ≤ 1 + C εβ
for this particular β. The case β = 1/2 is still open at the boundary.
For a counterexample to uniform boundedness on Ω without boundary conditions, see Example 3.1.
Even with boundary values satisfying |uε| ≤ 1 on ∂Ω ∈ C2, we shall construct a sequence uε for which
uniform Ho¨lder continuity fails at the boundary in Example 3.3.
3. Counterexamples to Boundary Regularity
The idea here is simple: namely, the energy Wε can be seen to control the W 2,2-norm of blow ups of
phase-fields onto ε-scale since those are asymptotic to bounded entire solutions of the stationary Allen-
Cahn equation −∆u˜ +W ′(u˜) = 0 at (almost all) points away from the boundary. At the boundary
on the other hand, the asymptotic behaviour corresponds to solutions of the same equation on half-
space, whose behaviour is essentially governed by their boundary values. To make this precise, take
h ∈ C∞c (Rn) and H := {xn > 0}. The energy
F : W 1,2loc (H)→ R ∪ {∞}, F(u) =
∫
H
1
2
|∇u|2 +W (u) dx
has a minimiser u˜ in the affine space (1+h)+W 1,20 (H) by the direct method of the calculus of variations.
Namely, take a sequence uk such that limk→∞ F(uk) = inf F(u) ≤ F(h+ 1) <∞. Then
||∇uk||L2(H) ≤ C, and (uk − 1)2(x) ≤ (uk − 1)2(uk + 1)2(x) = 4W (uk(x))
at all points x ∈ H such that uk(x) ≥ 0. Using the boundary values, also the negative part of uk is
uniformly controlled in L2(H) by the H1-semi norm. Thus the sequence uk is bounded in W
1,2(H) and
there exists u˜ such that uk
∗
⇀ u˜ (up to a subsequence). Since the affine space is convex and strongly
closed, it is weakly = weakly* closed and u˜ ∈ 1+ h+W 1,20 (H). For any R > 0, we can use the compact
embedding W 1,2(B+R)→ L4(B+R) to deduce that∫
B+R
1
2
|∇u˜|2 +W (u˜) dx ≤ lim inf
k→∞
∫
B+R
1
2
|∇uk|2 +W (uk) dx ≤ lim inf
k→∞
∫
H
1
2
|∇uk|2 +W (uk) dx.
Letting R→∞ shows that u˜ is in fact a minimiser of F . If h ≥ 0, then
1 + (u˜− 1)+ ∈ 1 + h+W 1,20 (H), F (1 + (u˜ − 1)+) ≤ F(u˜)
with strict inequality unless u˜ = 1+ (u˜− 1)+. Since we assume u˜ to be a minimiser, we find that u˜ ≥ 1
almost everywhere. The same argument shows that u˜ ≤ 1 + ||h||∞ almost everywhere. Calculating the
Euler-Lagrange equation of F , we see that u˜ is a weak solution of
−∆u˜+W ′(u˜) = 0.
On the convex set
Ch := {u ∈ W 1,2(H) | u = 1 + h on ∂H, u ≥ 1}
the operator
A : Ch → W−1,2(H), A(u) = −∆u+W ′(u)
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is well-defined (since n ≤ 3 and W ′ has cubical growth) and strongly monotone, so the equation Au = 0
has a unique solution u˜ ∈ Ch which coincides with the minimiser u˜ of F in 1 + h + W 1,20 (H)). A
bootstrapping argument via elliptic regularity theory shows that u˜ ∈ C∞loc(H). By trace theory we have
that
||h||22,∂H = ||u˜− 1||22,∂H ≤ ||u˜− 1||21,2,H/2 ≤ F(u˜) ≤ F(1 + h).
In this way, we can fully control the mass density µ˜ = 12 |∇u˜|2 +W (u˜) created by u˜ in terms of its
boundary values. For later purposes, we have to obtain suitable decay estimates for the functions u˜
depending on h. In a first step, we show that the limit lim|x|→∞ u˜(x) = 1 exists. Assume the contrary.
Then there exist θ > 1 and a sequence xk ∈ H such that
|xk| → ∞, u˜(xk) ≥ θ.
Taking a suitable subsequence, we may assume that the balls B1(xk) are disjoint and |xk| ≥ R+2 is so
large that h is supported in BR(0). If B2(xk) ⊂ H , we may proceed as in Lemma ?? to deduce uniform
Ho¨lder continuity on the balls B1(xk) from the L
∞-bound to u˜ and the fact that u˜ solves ∆u˜ =W ′(u˜).
This means that there exists r > 0 such that u˜ ≥ (1 + θ)/2 on Br(xk). Otherwise, the same argument
still goes through after extending u˜ by a standard reflection principle and the fact that the boundary
values are constant on ∂H ∩ B2(xk). The geometry of H gives us Ln(Br(xk) ∩ H) ≥ ωn rn/2. So we
deduce that
F(u˜) ≥
∞∑
k=0
∫
Br(xk)
W ( (1 + θ)/2) dx ≥
∞∑
k=0
W ((1 + θ)/2)ωn r
n/2 =∞
in contradiction to the definition of u˜. Now we can estimate the decay of u˜ in a more precise fashion.
Since h ∈ Cc(∂H), there is Ch > 0 such that h ≤ Ch e−|x| on ∂H . To simplify the following calculations,
we assume that Ch = 1. Then we claim that 1 ≤ u ≤ 1+ e−|x| for all x ∈ Rn. Assume the contrary and
observe that ψ(x) = 1 + e−|x| satisfies
∆ψ(x) =
(
1 +
1− n
|x|
)
e−|x|, W ′(ψ(x)) =
(
2 + 3 e−|x| + e−2 |x|
)
e−|x|,
so in particular ∆ψ(x) ≤ W ′(ψ(x)) for all x ∈ Rn. Since u˜ = h ≤ ψ on ∂H by assumption and
lim|x|→∞ u˜(x) = 1, there must be a point x0 ∈ H such that
(ψ − u)(x0) = min
H
(ψ − u) < 0,
but then
∆(ψ − u)(x0) ≤W ′(ψ(x0))−W ′(u(x0)) < 0
so ψ − u cannot be minimal at x0. This proves the claim. It follows that∫
H\B+R
W (u˜) dx ≤ 2
∫ ∞
R
e−2r rn−1 dr = Pn(R) e
−2R
where Pn is a polynomial of degree n depending on the dimension. To estimate the second part of the
energy functional, we use the gradient bound
|∇u(x)| ≤ n√n sup
∂Q
|u|+ 1
2
sup
Q
|∆u|
from [GT83, Section 3.4] where Q is a cube of side length d = 1 with a corner at x. Applied to our
problem, for x ∈ ∂B+R we can find a cube Q satisfying Q¯ ∩ B¯+R = {x} such that
|∇u˜(x)| = |∇(u˜− 1)|(x) ≤ n√n sup
∂Q
|u˜− 1|+ 1
2
sup
Q
|W ′(u˜)| ≤ (n√n+ 5/2) e−|x|.
Thus we also have ∫
H\B+R
1
2
|∇u˜|2 dx ≤ (n√n+ 5/2)2 Pn(R) e−2R
Finally, we remark that the same type of estimate obviously holds for ∆u˜ = W ′(u˜) ∈ L2(H). Having
given the general construction for suitable functions of zero W1 curvature energy, we are finally ready
to apply these results to obtain counterexamples. For simplicity, we construct the counterexamples first
on the half space H and transfer them to bounded Ω later on.
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Example 3.1 (Counterexample to Boundedness). Fix h ∈ C∞c (Rn) such that 0 ≤ h ≤ e−|x|, h 6≡ 0 and
set hθ = θ h. Every function of this type induces a minimiser u˜θ. We may take a sequence θε →∞ such
that εn−1/θ 4ε → 0 and set uε(x) = u˜θε(x/ε). Clearly, uε becomes unbounded as ε→ 0, but
(1) Wε(uε) ≡ 0 and
(2) Sε(uε) = ε
n−1F(u˜θε) ≤ C εn−1 F(hθε)→ 0.
So the sequence uε induces limiting measures µ = α = 0, but fails to be uniformly bounded.
The next example is a technically more demanding version of this one where the energy scaling is
chosen so that we create an atom of size S > 0 at the origin.
Example 3.2 (Counterexample to Boundary Regularity of µ). Take hθ, u˜θ as above. Then the map
f : [0,∞)→ R, f(θ) = F(u˜θ) = inf{F(u) | u ∈ 1 + hθ +W 1,20 (H)}
is continuous. To see this, take pairs θ1, θ2 and the corresponding minimisers u˜1, u˜2 and observe that
u˜1,2 =
θ2
θ1
[u˜1 − 1] + 1 ∈ 1 + hθ2 +W 1,20 (H).
Since
W (1 + αu) = ((1 + αu)2 − 1)2/4 = (2αu+ α2u2)2/4 ≤ max{α2, α4}W (1 + u)
we have
f(θ2) = F(u˜2) ≤ F(u˜1,2) ≤ max
{(
θ2
θ1
)2
,
(
θ2
θ1
)4}
F(u˜1) = max
{(
θ2
θ1
)2
,
(
θ2
θ1
)4}
f(θ1).
Reversing the roles of θ1 and θ2 shows that f is continuous. Now let S > 0. Due to the continuity of f
in θ and the trace inequality
θ2||h||22,∂H = ||hθ||22,∂H ≤ F(u˜θ)
we can pick a sequence θε → ∞ at most polynomially in 1/ε such that F(u˜θε) = S ε1−n. As before,
set uε(x) = u˜θε(x/ε) and observe that Wε(uε) ≡ 0, Sε(uε) ≡ S. It remains to show that µ = S δ0, i.e.
that the limiting measure is concentrated in one point. The functions u˜θ actually tend to shift more of
their mass towards the origin as θ →∞ since the steepness (and overall height) is best concentrated on
a ball of small radius for a low energy.
The same application of the maximum principle as before shows that u˜θ ≤ w˜θ := 1 + θ(u˜1 − 1) since
∆(w˜θ − u˜θ) = θ∆u˜1 −∆u˜θ = θW ′(u˜1)−W ′(u˜θ) ≤W ′(w˜θ)−W ′(u˜θ)
is monotone in w˜θ, u˜θ and the boundary values satisfy u˜θ = w˜θ on ∂H and lim|x|→∞ u˜θ = lim|x|→∞ w˜θ =
1. Like above, we now obtain that∫
H\B+R
1
2
|∇u˜ε|2 +W (u˜ε) dx ≤ max{θ2ε , θ4ε}Pn(R) e−2R.
Thus we can choose a sequence Rε → ∞ such that θ4ε Pn(Rε) e−2Rε → 0 and εRε → 0 since θε grows
only polynomially in 1/ε and the exponential term dominates (take e.g. Rε = ε
−1/2). Thus for all R > 0
µε(BR(0)) = ε
1−n
∫
B+
R/ε
|∇u˜θε |2 +W (u˜θε) dx ≥ ε1−n
∫
B+Rε
|∇u˜θε |2 +W (u˜θε) dx→ S
and hence µ(BR(0)) ≥ S. Taking R→ 0 shows that µ({0}) = µ(H) = S, i.e. µ = S δ0.
Functions as described above can appear as minimisers of functionals like Wε + ε−1 (Sε − S)2 which
are used to search for minimisers of Willmore’s energy with prescribed surface area – even as functions
with energy zero. The same is true for functionals including the topological penalisation term discussed
below.
By construction, the previous example shows that the inclusion spt(µ) ⊂ limε→0 u−1ε (I) need not be
true for any I ⋐ (−1, 1) since uε ≥ 1 and thus K = ∅. We use a similar construction to demonstrate
that the reverse inclusion need not hold, either.
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Example 3.3 (Counterexample to Hausdorff Convergence). Using the same arguments as above, if 0 ≤
h ≤ 2, we can find a solution u˜ ∈ (1− h) +W 1,20 (H) ∩ C∞loc(H) of
−∆u˜+W ′(u˜) = 0 in H, u¯ = 1− h on ∂H
satisfying −1 ≤ u˜ ≤ 1, lim|x|→∞ u˜(x) = 1 and F(u˜) ≤ F(1 + h) < ∞. Decay estimates are harder to
obtain here since W ′ is not monotone inside [−1, 1], but we will not need them, either. If we take h such
that h(0) = 2, h ∈ C∞c (B1), we can use continuity up to the boundary to deduce that u˜−1(ρ) ∩B+1 6= ∅
for all ρ ∈ (−1, 1). So when we set uε(x) = u˜(x/ε), we see that
(1) µε(H) = ε
n−1 µ˜(H) = εn−1 F(u˜)→ 0,
(2) Wε(uε) ≡ 0 and
(3) 0 ∈ limε→0 u−1ε (I) in the Hausdorff sense for all ∅ 6= I ⋐ (−1, 1).
Example 3.4 (Counterexample to Uniform Ho¨lder Continuity). If we take h like in the previous example
and replace it by hω(x) = h(ωx) we observe that the associated minimisers satisfy
F(u˜ω) ≤ F(hω) ≤ F(h)
for all ω ≥ 1 since the gradient term stays invariant in two dimensions and decreases in three, while the
integral of the double well potential decreases in both cases for any fixed h. Thus, if we take any sequence
ωε →∞ and define uε(x) = u˜ωε(x/ε), we get the same results as before. As the function becomes steeper
and steeper on the boundary faster than ε, uniform Ho¨lder continuity up to the boundary cannot hold,
even for uniformly bounded boundary values.
Example 3.5 (Counterexample to Boundary Regularity of µ with −1 < uε < 1). We can refine the
examples to show that growth of uε on ∂Ω is not the only reason that µ might develop atoms on
∂Ω, but that this is in fact possible with |uε| ≤ 1. This happens when we prescribe highly oscillating
boundary values on ∂H . Let h ∈ C∞c (∂H), then for any u ∈ H1(H) with u|∂H = g we have∫
H
|∇u|2 dx ≥ [h]2H1/2(∂H) = cn−1
∫
∂H×∂H
|h(x)− h(y)|2
|x− y|n+1 dxdy.
for a constant depending on the dimension n− 1 ∈ {1, 2}. For any S′ > 0 and δ > 0 we can construct
h ∈ C∞(H) such that
(1) 0 ≤ h ≤ δ,
(2) supp(h) ⊂ B1(0) and
(3) [h]2
H1/2
≥ S′.
We construct a solution of the stationary Allen-Cahn equation with the boundary values 1−h as before,
but for a modified potential
W (s) =
{
W (1− 2δ) s ≤ 1− 2δ
W (s) s ≥ 1− 2δ .
An energy minimiser will never dip below 1 − 2δ then, and consequently never below 1 − δ by the
maximum principle if δ is chosen so small that W ′ is monotone on [1 − 2δ,∞). The rest of the proof
goes through as before with suitable scaling of h to get the right energy since W ′ behaves correctly just
below 1, as it does slightly above 1. We will not repeat the details.
The boundary values need to be constructed with slightly more care since we cannot just have vertical
growth and the H1/2-norm behaves badly under spacial scaling. This is compensated in the boundary
construction by having a larger number of faster oscillations. When we have constructed h with a large
enough half-norm, we can always reduce it by scaling with a constant < 1.
For the sake of simplicity, we chose to construct the examples on half space due to its scaling invari-
ance. Let us sketch how they can be transferred to C2-domains. If Ω ⋐ Rn and ∂Ω ∈ C2 there exists
x0 ∈ ∂Ω such that |x0| = maxx∈∂Ω |x|. At x0, both principal curvatures of ∂Ω are strictly positive, so
in a ball around x0, up to a rigid motion we may write
Ω ∩Br(x0) = {x ∈ Br(x0) | xn > φ(xˆ)}
where xˆ = (x1, . . . , xn−1) and φ is a strictly convex C2-function satisfying φ(0) = 0, ∇φ(0) = 0 and
Ω ⊂ H . If Ω is convex in the first place, this is possible at every point x0 ∈ ∂Ω.
ON THE BOUNDARY REGULARITY OF PHASE-FIELDS 11
Thus, the function uε(x) = u˜(x/ε) is well-defined on Ω for any of the functions u˜ constructed above.
If ε is chosen small enough, the difference between H and Ω/ε becomes negligible for any given u˜ and
we can still construct counterexamples to boundedness, local Ho¨lder-continuity, relationship between
spt(µ) and the Hausdorff limit of the level sets and to the regularity of µ this way.
Using the exponential decay (or modifying functions to become constant for larger arguments) it is
also possible to create singular behaviour for example along curves in the convex portion of the boundary
by placing singular solutions of the stationary Allen-Cahn equation at an increasing number of points
distributed along the curve.
We restricted our analysis to convex boundary points since then uε = u˜θ(x/ε) is well-defined for all
small ε > 0, whereas at other points, half space does not provide enough information to fill an entire
neighbourhood of x0. We believe that the same pathologies can arise at general boundary points.
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